21 cm intensity mapping has emerged as a promising technique to map the large-scale structure of the Universe, at redshifts z from 1 to 10. Unfortunately, many of the key cross correlations with photo-z galaxies and the CMB have been thought to be impossible due to foreground contamination for radial modes with small wavenumbers. These modes are usually subtracted in the foreground subtraction process. We recover the lost 21 cm radial modes via cosmic tidal reconstruction and find more than 60% cross-correlation signal at ℓ 100 and even more on larger scales can be recovered from null. The tidal reconstruction method opens up a new set of possibilities to probe our Universe and is extremely valuable not only for 21 cm surveys but also for CMB and photometric redshift observations.
I. INTRODUCTION
The current and future cosmological observations aim to map a large fraction of the Universe with unprecedent precision, varying from LSST [1] , Euclid [2] , Planck [3] , CMB-S4 [4] , and etc. In addition to these, 21 cm intensity mapping has emerged as a powerful probe of the cosmological large-scale structure [5, 6] . However, the astrophysical foregrounds from galactic and extra-galactic synchrotron and free-free emissions are stronger than the cosmological 21 cm signals by many orders of magnitude. These foregrounds are expected to be spectrally smooth, which means they would contaminate small radial modes, i.e., all modes with low k . While there are not much modes with small k , many other cosmic observations with broad window functions along the radial direction only probe these modes, such as weak lensing, photo-z galaxies, integrated Sachs-Wolf effect, kinetic SunyaevZel'dovich effect, and etc. Thus, the cross correlations of 21 cm surveys with these cosmic probes are dominated by foreground contamination [7, 8] . To solve this problem is of great importance for both 21 cm intensity mapping surveys and other key cosmic surveys.
Recently a new method called cosmic tidal reconstruction has been developed [9, 10] . It can reconstruct the large-scale tidal field and hence large-scale density field from the alignment of small-scale cosmic structures. The modes with small k and large k ⊥ are well reconstructed [10] , which are exactly those lost in the foreground subtraction in 21 cm experiments. This technique enables the reconstruction of small radial modes, which provides important radial information essential for cross correlating with CMB and other cosmic probes.
In this paper we study how to use cosmic tidal reconstruction to reconstruct the lost large-scale radial modes, and further cross correlate with CMB lensing, photo-z galaxies and ISW effect. We find such reconstruction technique recovers more than 60% cross-correlation signal at ℓ 100 from nothing and even better on larger scales. This provides a new method to probe the largescale matter distribution in the Universe.
II. COSMIC TIDAL RECONSTRUCTION
The large-scale density field can be reconstructed accurately from the anisotropic tidal distortions of the locallymeasured matter power spectrum [9, 10] . The basic idea of purely transverse tidal reconstruction has been proposed in Ref. [9] and further expanded in Ref. [10] . Here, we briefly discuss the idea and summarize the process of cosmic tidal reconstruction.
The evolution of small-scale density perturbations is modulated by long-wavelength perturbations [11] . The anisotropic distortions in the local small-scale matter power specturm, ∝k ikj t (0) ij , arise from the coupling of small-scale density fluctuations with the large-scale tidal field t ij , where t ij = Φ L,ij − δ ij ∇ 2 Φ L /3,ˆdenotes the unit vector and superscript (0) denotes some "initial" time. The traceless tidal field t ij can be decomposed into 5 independently observable components [10] . The two transverse shear terms, 12 , which describe quadrupolar distortions in the tangential plane perpendicular to the line of sight, are less affected by peculiar velocities and used to perform reconstruction [10] . The two gravitational tidal shear fields γ 1 and γ 2 can be converted to the two-dimensional (2D) convergence field, κ 2D = (Φ L,11 + Φ L,22 )/2, using κ 2D,11 + κ 2D,22 = (γ 1,11 − γ 1,22 + 2γ 2, 12 ).
(
The three-dimensional (3D) convergence
gives the large-scale density field, is given by
Since only two transverse tidal shear fields γ 1 (x) and γ 2 (x) are used, the changes of the large-scale density field along the line of sight are inferred from the variations of γ 1 and γ 2 along the x axis. The error of κ 3D is
which is anisotropic in k ⊥ and k [10] . The reconstruction works best for modes with low k and high k ⊥ , which can not be obtained from 21 cm surveys and contribute substantially to cosmological observables from other surveys mentioned above. Thus, cosmic tidal reconstruction provides a new way to recover the lost radial modes and to improve the cross correlations. The tidal reconstrction works as follows. The first step is to convolve the density field with a Gaussian kernel,
, which filters out the small-scale nonlinear structures. Here, we still take R = 1.25 Mpc/h [9, 10] . The next step is to gaussianize the smoothed density field by taking a logarithmic transform or mapping the density fluctuations into a Gaussian distribution. In the following reconstructions, we adopt the latter method since after the simulated foreground subtraction, some of the density contrasts become smaller than −1, which makes it hard to take the logarithmic transform, ln(1 + δ). The gravitational tidal shear fields can be estimated by applying quadratic tidal shear estimatorsγ 1 andγ 2 to the density field as in 21 cm lensing reconstruction [12] . Then the 3D tidal convergence field κ 3D is given by the linear combination of tidal shear fields using Eq. (1) and Eq. (2). The reconstructed noisy field κ 3D is related to the original density field as
where b = P κ3Dδ /P δ is the bias factor and n is the noise of reconstruction [10] . The reconstructed clean field is given byκ
where the Wiener filter 
III. SIMULATIONS
We further explore this idea with numerical simulations. We employ an ensemble of six N -body simulations from the CUBEP 3 M code [13] . Each simulation includes 1024 3 particles in a (1.2 Gpc/h) 3 box. In the following analysis we use outputs at z = 1.
We could approximately use dark matter to represent 21 cm source distributions. This is a good approximation since the neutral hydrogen traces the total mass distribution fairly well at low redshifts. We simply assume the experimental noise to be zero above a cut off scale and infinity below the cut off scale. This is a reasonable approximation for a filled aperture experiment, which has good brightness sensitivity and an exponetially growing noise at small scales. We choose this scale to be k c = 0.5 h/Mpc, which corresponds to ℓ = 1150 at z = 1. This is realistic for the ongoing 21 cm experiments like CHIME [14] , Tianlai [15] , HIRAX [16] , and etc.
We are not going to provide a detailed 21 cm data reduction process in this paper, so we simply use a highpass filter W f s (k ) = 1 − e −k 2 R 2 /2 to simulate the foreground subtraction. We show results for the two different scales R = 60 Mpc/h and R = 15 Mpc/h, which give W f s = 0.5 at k = 0.02 Mpc/h and k = 0.08 Mpc/h, respectively. The former is an optimal case, i.e., we remove modes for k 0.02 Mpc/h while the latter is already achieved in the current 21 cm observations [17, 18] .
The observed 21 cm field after foreground subtraction is given by
where δ(k) is the density field from simulations, W f s accounts the effect of foreground subtraction and Θ(x) is the step function which equals 1 for x ≥ 0 and 0 otherwise. Then we get the reconstructed clean field κ c from δ f s via cosmic tidal reconstruction. In Fig. 1 , the upper panel shows the cross-correlation coefficient of δ f s with δ and the lower panel shows the cross-correlation coefficient of κ c with δ for R = 60 Mpc/h. We find the lost radial modes appear again in the reconstructed field.
IV. CROSS-CORRELATION SIGNALS
To show how much the cross-correlation signal is recovered by cosmic tidal reconstruction and estimate the detectability of the cross correlation, we need to generate the lensing convergence field, the angular distribution of photo-z galaxies and the temperature fluctuation due to the ISW effect using N -body simulations.
(1) CMB lensing.-The weak lensing convergence is a weighted projection of the dark matter density fluctuations along the line of sight to the last scattering surface,
where the lensing kernel
with χ s = χ(z s = 1090). To generate the convergence field from simulation data, we first squeeze the simulation box to a 2D plane, then multiply the W (χ(z = 1)), as the lensing weight is a slowly varying function for the case of CMB lensing. Then we obtain the lensing convergence field contributed by the simulated density field.
(2) Photo-z galaxies.-We calculate the projected galaxy density field at z ∼ 1 with usual photo-z bin width of 0.2, i.e., z p ∈ (0.9, 1.1). We adopt the galaxy distribution characterized by n(z) ∝ z α exp[−(z/z * ) β ] with α = 2, z * = 0.5, β = 1 and assume the photo-z scatter P(z p |z) is perfectly known to be in a Gaussian form with photo-z error σ z = 0.05(1 + z). The 2D angular galaxy distribution is given by
where the window function
with normalization W p (z)dz = 1. (3) ISW effect.-The fractional CMB temperature fluctuations induced by the ISW effect is given as
In Fourier space, approximating that the evolution of δ(k, t) with time is given by linear theoryδ(k, t) = D(t)δ(k, t = 0), we have
where D is the growth factor. In our implementation, we also approximate the time dependent factor as a constant across the simulation box.
In Fig. 2 , we show the cross-correlation coefficients of 21 cm with different observations for both R = 60 Mpc/h and 15 Mpc/h. Due to the similar treatments of CMB lensing field and the ISW field, we get the same correlation coefficient for them. The correlation with photo-z galaxies is smaller than the other two since we only use a narrow bin which locates at z = 1 with bin width 0.2.
In each panel of Fig. 3 , we show the cross-correlation signal C 
For the 21 cm field, n 21cm ℓ is given through Eq. (5). The noise for CMB lensing is assumed to be the same as Planck 2015 results [19] . For photo-z galaxies, the shot noise is negligible on degree scales. For ISW effect, n ISW ℓ is the large-scale CMB power spectrum C T T ℓ . We choose f sky to be 0.25 for CMB lensing and photo-z galaxies, and 1 for the ISW effect. By using cosmic tidal reconsruction, we are able to detect the cross-correlation signals with ongoing 21 cm experiments [14] [15] [16] . The redshift information contained in 21 cm observations allows us to constrain the expansion history of the Universe by cross correlating with the ISW effect. The detectability for ISW effect can be further improved by including CMB polarization data [20] .
V. DISCUSSIONS
The tidal shear estimators we used are optimal for Gaussian sources and in the long-wavelength limit [10] . The results can still be improved by constructing optimal tidal shear estimators for non-Gaussian sources as in 21 cm lensing [21] and constructing optimal estimators on all scales. This means here we present the "least optimal" case of recovering the cross-correlation signals and even better results can be achieved in future.
The BAO reconstruction technique [22] has been shown to be still useful in 21 cm surveys [23, 24] . While there are not many modes with small k lost in the foreground subtraction, the differential motions which smear the BAO peaks are substantially contributed by largescale modes with k 0.1 h/Mpc [22] . The tidal reconstruction compensates the foreground wedge at low k and high k ⊥ and hence can further improve the BAO reconstruction in 21 cm surveys.
All 21 cm experiments, no matter the low redshift experiments for BAO effect or the high redshift experiments for EOR signal, share the same foreground problem. Although not examed here, we expect great help from the cosmic tidal reconstruction in high redshift cross correlations, like 21 cm-kSZ signal from EOR [25] . Based on above discussions, we conclude that cosmic tidal reconstruction is extremely valuable for all cosmological 21 cm surveys as well as CMB and photometric redshift observations.
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